Abstract. In this paper, we find the maximum exponent of D × E, the cartesian product of two digraphs D and E on n, n + 2 vertices, respectively for an even integer n ≥ 4. We also characterize the extremal cases.
Introduction
Let D = (V, A) be a digraph on n vertices and u, v ∈ V . A u → v walk is a walk from u to v. We use the notation u The exponent of a primitive digraph D is equal to the exponent of its adjacency matrix. Wielandt [7] found that the maximum exponent of primitive digraphs on n vertices is W n = n 2 − 2n + 2 and characterized all the digraphs attaining this bound, which are called Wielandt graphs. Shao [6] improved this bound to 2n − 2 and Liu, McKay, Wormald and Zhang [4] R. Lamprey and B. Barnes [3] showed that if D × E is primitive, then
The first author, Song and Hwang [2] improved this upper bound as
They also showed that the upper bound in (1) is attained when (m, n) = 1 and characterized all the digraphs D and E which attain it. Moreover, when m = n, they proved that
where the equality holds if and only if D and E are isomorphic to a directed cycle and a Wielandt graph. In this paper, we prove that if D and E are digraphs on n and n + 2 vertices respectively for an even integer n ≥ 4, and D × E is primitive, then
and we characterize all the extremal digraphs.
Main result
From now on we assume that D = (V D , A D ) and E = (V E , A E ) are digraphs on n and m vertices, respectively and D × E is primitive. Let l 1 be the smallest length of a directed cycle of D and l i be the smallest length of a directed cycle of D which is not a multiple of (l 1 , . . . , l i−1 ) for i ≥ 2. Let h be the last index of such i. Now let l j be the smallest length of a directed cycle of E which is not a multiple of (l 1 , . . . , l j−1 ) for j ≥ h + 1. Let k be the last index of such j. 
The followings are from the first author, Song and Hwang [2] . 
Lemma 3 ([2]
Proof. If there is a path from v to w whose length is not of the form m − 1 + l 1 x 1 +l 2 x 2 +· · ·+l k x k , then we can choose a path whose length is minimal among the paths with this property. 
is a path from v to w with length t − j + i < t. By the minimality of t,
This is a contradiction. Thus the lemma is proved. □ Lemma 6. Let E = (V, A) be a digraph on n + 2 vertices. If Z n × E is primitive, diam(E) = n + 1 and all the lengths of directed cycles in E is n and
Proof. Since diam(E) = n + 1, there are v, w ∈ V such that the distance from v to w is n + 1. It is enough to show that (0, v)
with |S| = s and |T | = t. Then S ∪T = {i|1 ≤ i ≤ n 2 +n−1} and S ∩T = ϕ. Therefore s + t = n 2 + n − 1. By Lemma 5, s = n − 1 + nx and t = n + 1 + ny + (n + 1)z for some nonnegative integers x, y, z. Thus n 2 + n − 1 = s + t = n − 1 + nx + n + 1 + ny + (n + 1)z and hence
Proof. Considering that 0
is primitive as Z n and E n+2 contain cycle of length n and n + 1, respectively. Also E n+2 contains directed cycles of length n and n + 1 only. Thus by Lemma 6, the theorem is proved. 
Assume that k = 2. From Lemma 1 and Lemma 3,
Assume that l 1 = n. Then D is isomorphic to the directed cycle of length n, which is Z n . Since (l 1 , l 2 ) = 1, l 2 = n + 1 and hence 
and hence there are p, q, r ≥ 0 such that np + (n + 1)q + (n + 2)r = β − s − t. Then, since
and np + s + (n + 1)q + t + (n + 2)r = (β − s − t)
−→ y 1 for some 0 ≤ t 1 , t 2 ≤ n + 1 such that t 1 + t 2 = n + 2 as E is strongly connected.
by Lemma 2. So there are p, q, r ≥ 0 such that np + (n + 1)q + (n + 2)r = β − s − (n + 2). Then, since
and np + s + t 1 + (n + 1)q + t 2 + (n + 2)r = (β − s − (n + 2)) + s + n + 2 = β,
Case (i)b: There is no directed cycle of length n + 2 in E.
there are p, q ≥ 0 such that np + (n + 1)q = n 2 + n − s − t. Then, since
As E is strongly connected, Case (ii)a: j = 1. As there can be only directed cycles of order n or n + 1 in E, among the arcs which are adjacent to w 0 , at most one of (w 0 , v 2 ), (v n−1 , w 0 ) may exist. Since y 1 n+1 −→ y 2 , (y 1 , y 2 ) is (v 0 , w 0 ) in the first case, and (w 0 , v 0 ) in the second case. 
